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Abstract
We investigated the thermodynamic properties of graphene in a noncommu-
tative phase-space in the presence of a constant magnetic field. In particular,
we determined the behaviour of the main thermodynamical functions: the
Helmholtz free energy, the mean energy, the entropy and the specific heat.
The high temperature limit is worked out and the thermodynamic quanti-
ties, such as mean energy and specific heat, exhibit the same features as the
commutative case. Possible connections with the results already established
in the literature are discussed briefly.
1. Introduction
Carbon, in its allotropic forms like graphite and diamond, takes up a
prominent place in different branches of science. In particular, graphite can
be thought as composed by stacking one-atom thick layers of carbon, called
graphene. The physics of graphene has attracted attention from theoretical
scientific community since experimental observations revealed the existence
of electrical charge carriers that behave as massless Dirac quasi-particles
[1, 2, 3, 4]. The reason for this is due to the unusual molecular structure of
graphene. The Carbon atoms are arranged in a hexagonal lattice, similar to
a honeycomb structure [5]. It was observed that the low-energy electronic
excitations at the corners of graphene Brillouin zone can be described by a
2 + 1 Dirac fermions with linear dispersion relation (massless) [3, 4]. This
effect offers the prospect of testing several aspects of relativistic phenomena,
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which usually requires large energy, in experiments of the condensed matter
physics such as chiral tunneling and Klein paradox [6, 7].
On the other side, the study of quantum systems in a noncommutative
(NC) space has been the subject of much interest in last years, assuming that
noncommutativity may be, in fact, a result of quantum gravity effects [8].
In these studies, some attention has been given to the models of noncommu-
tative quantum mechanics (NCQM) [9]. The interest in this approach lies
on the fact that NCQM is a fruitful theoretical laboratory where we can get
some insight on the consequences of noncommutativity in field theory by us-
ing standard calculation techniques of quantum mechanics. In this context,
several types of noncommutativity have been considered [10] and one case
of particular importance is the so called noncommutative phase-space. This
specific formulation is necessary to implement the Bose-Einstein statistics in
the context of NCQM [11, 12].
The NC phase-space is based on the assumption that the spatial coor-
dinates xˆi and the conjugate momenta pˆi are operators satisfy a deformed
Heisenberg algebra, which in its simplest form can be described by the com-
mutation relations:
[xˆi, xˆj ] = iθij , [pˆi, pˆj ] = iηij , [xˆi, pˆj ] = i~
(
δij +
θikηjk
4~2
)
, with i, j, k = 1, . . . d,
(1)
where the deformation parameters θij = θij and ηij = ηij are real and
antisymmetric constants matrices. These commutation relations can be ex-
plicitly implemented by means of coordinate transformations [13]:
xˆi = xi − θij
2}
pj , pˆi = pi +
ηij
2}
xj , (2)
where xi and pi are commutative variables that satisfy ordinary Heisenberg
commutation relations,
[xi, xj ] = 0, [pi, pj ] = 0, [xi, pj ] = i}δij . (3)
Recently, graphene in the framework of NCQM was studied by Bastos
et al. [14], where the authors determined the Hamiltonian and the associ-
ated energy spectrum. It was shown that the electron states close to the
Dirac points (K and K ′ points at the corners of graphene Brillouin zone)
in a NC phase-space, subject to an external constant magnetic field, can be
described by a massless 2D Dirac equation with only momenta noncommu-
tativity. Otherwise, we would have a gauge symmetry breaking, which it is
not observed in the graphene lattice [13].
2
These results, in association with suitable experimental data, may be
used to investigate the role of noncommutativity in the graphene system
and improve bounds on the magnitude of the corresponding noncommuta-
tive parameters. For instance, the issue concerning the thermodynamics
properties of graphene modified by this kind of theory has not been ad-
dressed. Thus, using an approach similar to the cases of Dirac and Kemmer
oscillators studied in Refs. [15, 16], we propose to evaluate the main ther-
modynamic functions that describe the thermal behaviour of this system
in both cases; commutative and noncommutative. One such study with a
focus on graphene is particularly interesting because this material has nu-
merous applications for thermal industry, and it may be important in the
understanding of heat conduction in low dimensions [17, 18, 19].
This work is outlined as follows. In Sec. 2, we summarize the key results
of Ref. [14] which we will use in the sequel. In Sec. 3, the solution for the
energy levels is utilized to calculate the partition function, and then all ther-
modynamic quantities that describe the thermal physics of NC graphene.
The methodology used closely follows that developed in Refs. [15, 16]. Fi-
nally, in sec. 4, we present the conclusion and final remarks.
2. Graphene in a noncommutative phase-space
Before studying the thermal properties of graphene, let us first recall
the fundamentals on the graphene physics in a NCQM approach. Here, we
follow the steps described in Ref. [14]. The basic equation in the theory is
the Dirac equation for a free massless particle:
i}
∂ψ
∂t
= HDψ, (4)
where HD represents two copies of the massless Dirac-like Hamiltonian that
describes the behaviour of electrons around each Dirac points K and K ′, at
the corners of Brillouin zone.
From this way, we can explicitly write:
HD =
(
HK 0
0 HK′
)
= vF
(
σ · p 0
0 σ∗ · p
)
, and ψ =
(
ψK exp(− i}EKt)
ψK′ exp(− i}EK′t)
)
,
(5)
such that vF w 106m/s is the Fermi velocity, p = −i}(∂x, ∂y, 0) is the two-
dimensional momentum operator, σ = (σx, σy, σz) corresponds to the Pauli
spin matrices and ψK(K′) are two-component wavefunction close to the K
(K ′) point. Besides, EK(K′) = ±}vF |k| represents the eigenvalues associated
with the positive/negative energy band.
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Considering an external homogeneous magnetic field, B = B0zˆ, we must
make the usual minimal substitution p → p − eA in the free Hamiltonian
(5), such that
HK = vFσi(pi +
eB0
2
ijxj), i, j = 1, 2, (6)
where the vector potential is written in the symmetric gaugeA = B02 (−y, x, 0).
A similar equation can also be obtained for the Dirac point K ′.
We can diagonalize the Hamiltonian (6) with an appropriate set of anni-
hilation and creation operators, and obtain the following expression for the
energy eigenvalues [14]
EK = ±
√
2~vF
lB
√
n, n = 0, 1, 2, . . . , (7)
where lB =
√
~/eB0 is called magnetic length.
On NC phase-space the Dirac Hamiltonian of graphene can be achieved
through the shift given in Eq. (2). However, in order to preserve the gauge
invariance on the graphene sheet, it should be required that the noncommu-
tativity is nonzero only in momentum coordinates [13]. Thus, the Eq. (6)
becomes
HNCK = vFσi(pi +
eB0
2
µijxj), i, j = 1, 2, (8)
where
µ =
(
1 +
η
eB0}
)
. (9)
Finally, it is possible to show that the energy spectrum takes the following
form
EK = ±
√
2~vF
lB
√
(1 + η¯)n, n = 0, 1, 2, . . . , (10)
with η¯ being a dimensionless constant related to the noncommutative pa-
rameter η by means of η¯ = (l2B/~2)η.
3. Thermal properties of graphene in a noncommutative phase-
space
3.1. Theoretical framework
In working out the thermal properties of graphene system, let us begin
by defining the fundamental object in statistical mechanics, the canonical
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partition function Z. Given the energy spectrum of graphene, we can define
the partition function by a sum over all states s of the system, via
Z =
∑
s
exp(−βEs), β = 1
kBT
, (11)
where kB is the Boltzmann constant and T is the equilibrium temperature.
The entire thermodynamics of NC graphene can be derived from the
partition function Z and the Eq. (10). The most important thermodynamic
functions for our analysis are the Helmholtz free energy F , the mean energy
U , the entropy S and the specific heat C, defined by the following expres-
sions:
F = − 1
β
lnZ, (12)
U = − ∂
∂β
lnZ, (13)
S = kBβ
2∂F
∂β
, (14)
C = −kBβ2∂U
∂β
. (15)
We are now in condition to perform the numerical calculations of the
partition function and all other thermodynamics quantities. To this end, it
is convenient to introduce the dimensionless variables,
β¯ =
1
τ
, τ =
lB√
2~vF
1
β
, (16)
and rewrite all the previous functions in terms of these new quantities. In this
case, we get F → F¯ = lB√
2~vF
F = − 1
β¯
logZ, U → U¯ = lB√
2~vF
U = − ∂
∂β¯
logZ,
S → S¯ = SkB = β¯2 ∂F¯∂β¯ and C → C¯ = CkB = −β¯2 ∂U¯∂β¯ , which are now all
dimensionless functions. The remainder of the calculation procedure follows
in a similar fashion to that described in Refs. [15, 16].
Using the Eq. (10), the partition function reads
Z = 1 +
∞∑
n=0
e−β¯
√
an+a, (17)
with a = 1 + η¯. Let us note that the definition for the parameter a encom-
passes the noncommutative as well as the commutative case (η¯ = 0). The
integral test ensures the convergence of the series, since the integral∫ ∞
0
dx e−β¯
√
ax+a =
2
aβ¯2
e−β¯
√
a
(
1 + β¯
√
a
)
, (18)
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is finite. To evaluate the sum in (17) and determine the high temperature
limit, we will employ the Euler-Mclaurin summation formula given by
b∑
n=a
f(n) =
∫ b
a
dt f(t) +
1
2
[
f(b) + f(a)
]
+
k∑
i=2
bi
i!
[
f (i−1)(b)− f (i−1)(a)]
−
∫ b
a
dt
Bk
({1− t})
k!
f (k)(t), (19)
where a and b are arbitrary real numbers with difference b−a being a positive
integer number. Bk and bn are Bernoulli polynomials and Bernoulli numbers,
respectively, and k is any positive integer. The symbol {x} for a real number
x denotes the fractional part of x [20].
According to the relations (17) and (19), and considering f(n) = exp
[−β¯√an+ a],
the partition function Z can explicitly be written as
Z = 1 +
1
2
e−β¯
√
a +
2
aβ¯2
e−β¯
√
a
(
1 + β¯
√
a
)
−
k∑
i=2
bi
i!
f (i−1)(0) +Rk, (20)
with
Rk =
∫ ∞
0
dt
Bk
({1− t})
k!
f (k)(t), (21)
being the remainder term. The accuracy of approximation in (20) depends on
the asymptotic behaviour of the remainder term Rk while k goes to infinity.
In order to get a glimpse of the convergence speed, we display the behaviour
of Rk in Figures 1 and 2, where the number of terms is k ≤ 25. Let us note
that the remainder term quickly decreases, becoming of the order of 10−5
after the summation of 10 terms of the series, and hence, for our purpose it
is sufficient to take the summation of k = 50 in Euler-Maclaurin expansion
for the partition function.
Before discussing the main results, we consider what happens in the
higher temperatures limit to the case of the mean energy U and the specific
heat C. In this regime, the dimensionless parameter β¯ is very small and we
can approximate the partition function by
Z ' 2
aβ¯2
, (22)
which leads to the following asymptotic limits
U¯ ' 2
β¯
, (23)
C¯ ' 2, (24)
6
Figure 1: Plots of the remainder term Rk
for the commutative case η¯ = 0.
Figure 2: Plots of the remainder term Rk
for the NC case with η¯ = 0.1.
where the bar denotes dimensionless quantities. We note that the depen-
dence on the noncommutative parameter η¯ is removed. Besides, these limits
follow the Dulong-Petit law for an ultra-relativistic ideal gas. In such case,
the average energy and specific heat are twice that of the non-relativistic
limit. It is worth mentioning that similar results were observed for the Dirac
and Kemmer oscillators in a thermal bath [15, 16].
3.2. Results and discussions
We are now ready to present our calculations for the thermodynamic
properties of graphene, in a NC phase-space. All quantities were com-
puted as a function of the dimensionless temperature τ , defined by τ =
(lB/
√
2~vF )kBT . The only free parameter that remains to be fixed is η¯, and
it is linked to the momentum noncommutative parameter η by the relation
η¯ = (l2B/~2)η. Several bounds for the magnitude of this η-parameter have
been determined in the literature. For example, in Ref. [13] a stringent
bound on η, namely, √η . 2.26 × 10−6eV/c was obtained, with the analy-
sis of the hyperfine structure of hydrogen. Concerning the graphene system
in the presence of a magnetic field, infrared spectroscopy experiments can
be used to establish an upper bound of η¯ < 0.069, which implies that the
magnitude of the parameter η not be larger than √η < 8.6eV/c [14]. This
result is less restrictive than the early bound, however, it is more consistent
with typical energy scales and experimental setups of graphene. Thereby, in
the present approach, we will assume that the noncommutative effects are
relevant at the interval 0 < η¯ < 0.1. In order to illustrate the behavior of the
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thermodynamic functions with respect to the parameter η¯, let us consider
the four different values η¯ = 0.00 (commutative case), 0.01, 0.04 and 0.07.
As a general result, we observed that the noncommutativity effects are
very small and in the limit η¯ → 0 all curves agree with the commutative
case. The Helmholtz free energy F¯ for the commutative (solid line) and
noncommutative (dashed lines) systems are shown in Figure 3. In any case it
decreases with temperature, as expected. One observes that the free energies
coincide at low temperatures, but occurs a tiny separation that increases
with temperature and with the magnitude of the noncommutative parameter
η¯. From Figure 4, we can observe the behaviour of the mean energy with
temperature. The plots of the mean energy, for different values of η¯, do
not differ significantly, and at the asymptotic limit, all the curves behave as
linear functions of temperature. This is an expected result in view of our
previous discussion.
Figure 5 provides the entropy curves of graphene for some values of η¯. As
in the case of the free energy, the behaviour of the entropy for commutative
and noncommutative cases is similar at low temperatures. Note that the
separation of the curves increases when the parameter η¯ grows. Here, the
effect of noncommutativity is to deviate to a lower value the entropy, in
contrast to the free energy. Indeed, note that the curves with η¯ 6= 0 are
located below the solid curve which represents the commutative case. This
effect is expected because it is known that the noncommutativity leads to a
decrease of the degeneracy in physical systems, reflecting a reduction of the
entropy in a NC phase-space [21, 22].
Finally, let us analyze the behaviour of the specific heat as shown in
Figure 6. Our calculations reveal that the noncommutative profiles change
in the intermediate temperature range (about τ = 0.95, approximately).
We note that for low τ values the dashed lines are located below the solid
line while the opposite occurs for large τ values (see insertion with broadened
plots in Fig. 6). In particular, at high temperature regime all curves coincide
with the limit value obtained in Eq. (24).
4. Conclusion
In the present work, we have studied the thermodynamic properties of
graphene in a NC phase-space with the presence of an external constant
magnetic field. Here, starting from the well-known Dirac Hamiltonian and
its noncommutative extension presented in Ref. [14], we used the solutions
of the energy spectrum in the numerical evaluation of the canonical partition
function.
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In the sequel, we have determined the main thermodynamic functions in
both cases, commutative and noncommutative. The results are depicted in
Figures 3, 4, 5 and 6. The overall behaviour of the thermodynamic functions
indicates that the noncommutativity produces a small deviation around the
usual commutative profile, and this deviation is positive for the free energy
and negative for the entropy. Moreover, the curves for the mean energy and
the specific heat are in agreement with the asymptotic values as given in
Eqs. (22) and (24), respectively.
Finally, we expect in the near future, once obtained experimental mea-
surements of high accuracy involving the thermodynamical properties of
graphene, our results may be used as a good tool to study these properties.
Also, we intend to investigate the possibility of new features of graphene can
be described by NC models.
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Figure 3: The free energy for the Dirac particle as a function of the dimensionless tem-
perature τ , for different values of the noncommutativity parameter η¯.
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